Two Random Variables

Discrete random variables K, and K.

K. = Number of errors occurred after observing the it bit.

Initially Pr[E] =0.2 and Pr[E€]=0.8

sample

space probability K, K,
0.6 EE 0.12 12 KK, probability
E 12 1(0.2)(0.6)=0.12
0.2 » 11 (0.2)(0.4)=0.08
g E E¢ 0.08 1 1 —
tart 01 |(0.8)(0.1)=0.08
EcE 008 0 1 00 (08)(09):072
0.8 0.1
Fe
0.3 E°E¢ 0.72 0 0

Need joint probability to describe occurrence of two rv’s.
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le,Kz[klﬂ K, ] :Pr[Kl =k, K, = kz]

2.2 f Tk ke]=1

ki Kk

Marginal PMF:

le[kl] :Zle,Kz[klﬂ

Joint PMF

K, K, probability
12 1(0.2)(0.6)=0.12
11 |(0.2)(0.4)=0.08
01 ](0.8)(0.1)=0.08
00 |(0.8)(0.9)=0.72
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| ndependence for Random Variables

Two rv’s are independent iff T [ ki, K, 1= fe, [K, ]

T 0.72 0.16 0.12

K 0.8‘ 0.576 0.128 0.096

e, [k ] g0.72 102 0.144 0.032 0.024
016
0 T ! Ky k2
2
K 0.720 0.080 O
1 0 0.080 0.120

Are these rv’s independent?
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Conditional PMF

Definition: K1|K2 ki 1K, ]= [ =K K, = kz]

| k2 K LS [k k2]
K1|K2 fKZ [kg]
le\K2 [k1 |O] le\K2 kl |1] le\Kz :kl | 2]
1.0 ‘ @10
0.5 @ OTS
0 ® K, 0 1 K, 0’ K
Z 1|K2 | kz =1

Relations:

Zle|K2[k1 |k, ]=22112
Ky
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Bayes Rulefor PMF’s

fie i, [Ky 1K Iy [K(]
fy, [K;]

fK1|K2[k1 | kz] —

 f ke IR k)
D e [ 1K I K]

Check this out for the present example!
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wo Random Variables

Continuous random variables.
Consider two random variables, X, X,

Joint pdf

Joint cdf
Fr x, (X% ) =Pr[ X, <%, X, <X, ]
— _[_; _i fxl,xz (21» 22)d22d21
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CDF and PDF
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Properties of Joint pdf

L J. j fX1X2 15 % dXdXZ_l fxpxz(xl’xz)z

b eb,
2. Prla <X, <b.a, <X, <b]= [ "y (x.%)dxdx

3. Prla <X <a+d,8 <X, <a,+46,|=f, , (8.8)d9,

Note: Equivalent discussion on the same lines exists for discrete
random variables.
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Interpretation of joint PDF as probability:

fXX ?
% (6%) Prla < X, <b,a <X, <h ]

= _[: j: fxl,xz (Xv X ) dx, dx

SSNSNNNNNNY
N| S \s\

Prla <X, <a+4,8 <X, <a+6]=f, , (a.8)66
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Marginal pdf’s

(e o]

f (%) =] fex, (%:%)0x,

fx2 (Xz) :j: 1:xl,xz (X1>X2)dx1

Note that:
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Interpretation of marginal pdf as a projection:

fxl(xl> foy (X0%)
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Example:

ce e, 0<Xx <X, <o

f X, X, )=
Xlxz(l 2) 0, otherwise

(a) Find C

1= CT T e e dx dx, = CT (1 —g" ) e dx,
00 0

e _e

—=] = cC=6
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Example: (continued)

6e¥e”, 0<X <X, <oo

fxlxz (Xl % ) B 0 otherwise

(b) Find fy (X))
fy (%)= 6Te‘xl e dx, =3e7", 0< X <oo
(c) Find fj, (X:l)
ij@):6Te%eQ“wq:664@6—6%)
0

0<X, <oo

© M. Tummala & C. W. Th
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Properties of Joint cdf

Il
o

L. |:xl,xz (_°°>_°°) = |:xl,xz (_°°>X2)
m

% X, (oo,oo) —1

2. Marginal cdfs
|:xl (Xl) = |:xl,xz (X19°°)
= =

3. Ifa,>a,and b, > b,

Fo x, (a,0)=F, , (a,b)

— monotonically non-decreasing function
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Properties of Joint cdf (continued)

4. lim Fy (%,,X,)= Fxlxz( X, ), continuous from right
X, —a’
hng+ F, X2( X, )= Fxlxz( ,b), continuous from top
Xy =

5. Prla <X, <b,a <X,<b|=F , (b.b)-F 4 (a.,b)
o I:xl,xz (b19a2)+ |:xl,xz (apaz)

% (a,,b,) (b,,b,)
b, F-------- ® ®
(a19a2) (b a2)
N o ®
: X
a'l bl
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Example:

0.5, 0<x<1L,0<x,<2
f X, — b 1 b
XIXZ( ! XZ) {O, otherwise

Find the joint cdf.
Fux, (%% ) =Pr[X, <x, X, <x,]= [ [ £y  (2.2)dzdz
X2 1
(1) (V)
N R B

(i) (ii) (iv)

(i) @ !
Casel X, <0 orX, <0 orboth X, X, <0

|:xl,xz (X19X2) =0
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Caseii 0sx,=1,0=sx,£2

xlx2 |
Fy, x (X19X II dz,dz, = — XX,
1>7N2 2 X2 |
i)y (v
Caseill 0sx,=1, X,>2 > L
Y i | v
- 1 v
|:xl,xz (Xlaxz)ZE_H. dedZI — N ®
00 . X,
Caseiv X, >1. 0Sx <2 (i) i !
AT 1V 1 ) =X =
1 ¢ 1
|:xl,xz (Xlﬂxz):_jj dz,dz, = —X,
2 2
0 0

Casev X, >1,%X,>2

| L2
|:xl,xz (Xl,Xz)zaj‘j d22d21 —
00
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| ndependence of Random Variables

Two random variables X, and X, are said to be independent if

fxl,xz (XI?XZ) — fxl (Xl) 1:xz (Xz)
for all X, X,

or

|:xl,xz (X19X2) = |:xl (Xl) sz (Xz)
for all X, X,
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Example:

6e e, 0<X <X, <oo

f X, X, )=
Xlxz(l 2) 0, otherwise

oo

fy (%)= 6je‘xle‘“2 dx, =3€7", 0<X <oo

fy, (%)= 6Te‘x1 e?dx =6 (1—e™) 0<x <o
0

(a) Are X,, X, independent?

l')

Fax, (%)= f (0)F, (%)
6e e £ 18e e (1 —e " ) <not independent
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Example:

|—e®™ —gP g™ ¥ >0,x,20

0 otherwise

FXI,Xz (XI’XZ) :{

(a) Determine the marginal cdfs
Fxl(x1):Fxlxz(xl,oo):l—e‘aXl X >0
sz()(2)=|:x1x2 (°°>X2):1_e_bxz X 20

(b) Obtain the marginal pdfs from (a)

dF, (x
f (%)= >((jx( ) oo X 20
1

_dRy (X,)
ax,

=be™ %20

fx, (%)

© M. Tummala & C. W. Th
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Example: (continued)

(c) Are X,, X, independent? Use cdfs

Frx, (%5%)=Fy (%) Fy, (%)
l—e™ _gP 4 e—(ax1+be) _ (1 _ e )(1 _ g )
Yes, they are independent

(d) Determine their independence using pdfs

oFy x, (%%)
0X,0X,

fX1x2 (Xl’ XZ) — — abe_aXI e_bX2 Xl 2 O’ X2 2 O

?
fxlx2 (X1> Xz): fxl (Xl) fx2 (Xz)
abe ® e ™™ = g ®pe ™ Yes, they are independent
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Conditional pdf

Given two random variables X, and X,, we can write the following
conditional density functions:

fy x, (X%)
fX1|X2(X1‘X2): Xft( (Xz)

f :
s, (6l%) == ((2 )XZ)

Note that:

(oo}

jfxl|x2(><1\x2)dx1:1 while jfxl|xz(><1\><2)dx2=???

—00
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Interpretation of conditional pdf as a slice through the joint pdf:

fx, (%)

slice at Xg

fix, (%:%)
f _
Xg x1|x2()ﬂ‘)§) fxz()g)

%

\\
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Example:

6ee”, 0<X <X, <oo
fxlxz (Xlaxz): .
0, otherwise

fy (%)= 6Je‘xl e edx, =37, 0<X <o

fy, (%)= 6je‘xl e2dx =687 (1—e™) 0<x, <o
0
Find conditional pdfs

X,X, (X1 , X2 ) _ 6e—X1 e—2X2 _ e—Xl
f, (%)  6e7%(1-e™) l1-e™*’

f
fx1|x2 (X [ %)= 0<X <X,

fxlxz (XD Xz) B 6e e "
fx1 (X) 3e

2% A—2X
Fy,ix % [ %)= =2e7'e 7, X <X, <oo
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Bayes Rulefor densities

Given two random variables X, and X,, we can write the following:

Fr x, O% [ %) Fy (%)
fy (%)

fx1|x2 (Xl | Xz) —

Now since:

(e ]

Fu, 06) = [ Fu, 060 20)0% = [ F5 i 06 1%) Fi ()0

we have:

T, ix, % [ %) Ty (%)

fx1|x2(x1 [ X,) ==
[ T, (% 1% fy ()0
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Example:
Given a conditional pdf and the marginal pdfs:

e

l—e™*’

fXI(X1|X2)= 0<X =X

fy (%)= 6j e e dx, =3e, 0<X <oo
X

fy, (%)= 6]26_)(1 e?dx =660 (l—67), 0<X, <o
0

Find the inverse conditional pdf using the Bayes’ rule:
fx1|x2 (% %) fx2 (X,)
fy, (%)
6t (l—e™)
37N (1—-e7°)

fx2|x1 (Xz | X1) —

=2e7e, X <X, <oo
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1 and 2" Order Momentsfor Two Random Variables

mean
J‘_w.“_w)ﬂ 1:xxz 15 X dXdXZ, i:1’2
variance
O'iz=Var[Xi]:E|:(Xi_m)2:| i=1,2
correlation

f —E[XX] _”)gx fxx(x, J)d)gdx I, ] =12

— 00— 0C0

covariance

G; =Cov| X, X, [=E[ (X, —m)(X;,-m)| i,j=12

© M. Tummala & C. W. Therrie
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Correlation/Covariance Relations
G =T —mm

Cov| X, X; |=E| X, X, |-E[X]-E[ X |

mm) 1f Cov[X,X]=0 then X; and X; are said to be uncorrelated.

Note that 1n this case

E[Xlxz]:E[Xl]E[Xz]

(If E[X;Xi] = 0, the random variables are said to be orthogonal.)
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More Reationsfor Two Random Variables

Independent random variables are uncorrelated:

Proof: »
E[X X, ]=] | %% fxx, (%.%)dxax,

=[]t (%) i, (%) dxax,

(since X,, X, are independent)

[ xf () [ %y (%) dx, =E[X,]E[X,]

E[X1X2]

~. X, and X, areuncorrelated

vice versa is not true (except for
Gaussian random variables)
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Summary of Correlation Relations

« X, and X, are uncorrelated if Cov [X,, X,] =0

« X, and X, are orthogonal if

E[X,X,]=0

* The correlation coefficient of X, and X, is defined as

E[(Xl_m)(x2 _mz):| _ COV[Xlaxz]

p:

1< p<1

© M. Tummala & C. W. Therrien 2004



Bivariate Gaussian PDF (Joint Gaussian density function)

fxlxz (anz) X
; 0,

/ X

contour

1 {(xl—rmz_2p<x1—m><x2—rr5>+<x2—rra)2}

o 0,0, 0,
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Bivariate Gaussian PDF, cont’d.

Marginal densities

20,

fx(x):%exp—{(x_z)ﬂ 1=1,2
27O,

Conditional density

20°

fxlx2<x1|x2>=;zeXp{<x1—u<xz)> }
2o

where

0’ =0(1-p") and p(6)=m-+p(6—m)
2
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Expectation of Two Random Variables (Random Vectors)

Let us use the compact notation

X
X:{Xl} 2x1 vector, fy (X),Fy (X)

E[7(X)]= [~ 7(%) f (x)dx
E[7(X0o X)) = [ 7(%:%) fux, (X% ) dxdx,

Mean of X (mean vector)

e o
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Second moment (correlation matrix)

E[ XXT |= EH?} [ X, xz]}

2

XIXI Xl X2
X2 Xl XZ XZ

E[X7]  E[X/X,] {nl nz}

E[X,X,] E|[X]] )

I:QX

Il
L

I’-2 1 r22

When the correlation of X, and X, is defined as

I = E[Xixj]:j:j:xxj fux, (X% )dxdx, i=12j=12
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Second central moment (covariance matrix)

C =E[(X-m,)(x-m,)"]
- E[(x-m)' ] E[(X-m)(x,-m)]
[ -m)(x-m)]  E[(X-m)’]

G qz}
_C21 C22

where the covariance of X, and X, 1s defined as

X; [=E|(X-m)(X;-m)|

Notice that C. O' =Va1’[Xi]

I_
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An important relation:

Proof:

Cy =E|(X-my)(X-m,)"]

= E[ XXT |- E[X]m} -m,E| X" |+m,m]
=R, -m,m} —-m,m} +m,m;,

_ T
- I:2x _mxmx

In component form: G; =F; —MM,

(which we have seen before)
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Bivariate Gaussian Random Variables X, X,

Let X, and X, be jointly Gaussian

2
X{;ﬂ, mx{m} Cx:|: ¢ COV(X;Xz)}
) m, cov( X, X,) o,

Gaussian pdf for an N X 1 vector

1 -1/2(x=my )" ! (x=my )

f  (X)=
X( ) (27Z)N/2‘CX‘I/2

For N =2 and by letting 0'12 = 022 = 02,

Cx:|: o’ cov(xl,xz)}zgzr p}

cov( X, X,) o’

where p =cov(X,, Xz)/G2
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Examples:

(a) LetN=2,0*=4, p=0.8,my=0

C, [ =0*\1-p* =24,
a1 I -p|_1] 1 -08
ool(l-pt)-p 1] 144[-08 1
xTC‘1x=L[x —0.8x, —0.8x +><2]_X1
2880 B '
1 (X 1.6 %+ ) /2.88
fxlxz(xl,xz):me( )/

(b) Let X, and X, be independent: p=0; also my =0, 0'12 = 0-22 — 0’

(X12+X§)/2‘72: I /207 1 % /207

— 1 .
Fax, (X%:%) =~ e NI NTTA
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Functionsof Twor.v.s

x=g~ (y
Twor.v.s Single r.v.
OX  OX |
ay1 ayz 1 dx
J . = = J = |—
dy, 9y,
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Example:

X, X, are zero-mean, independent Gaussian r.v.s with a variance &

1 2 2 1 2 2
f X , — e—x1 /20' . —X2/2O'
Xle( 1 XZ) N2 o N2 o
1

e—(x12+x§ )/20'2

2o

, —oo<)(1,)(2<oo

Output random variables (cartesian to polar coordinates)

e

r T I >, magnitude

0! |tan™ Eﬁ) © 6=|[0,27x], angle
i %)
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Example: (continued)

The inverse mapping 1s

X, | rcosé
RS | rsin@

J(r.0)|=

The joint density function of the output vector

cos@ -—rsind

—rcos’@+rsin“@=r

sin@ rcosé

1 2 2
fo,(r,0)=r- g/ r>0, 0<@<2r.
w(r-0) 270
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Example: (continued)

The marginal density function of R

_ 2r _ I _r2/20_2 2z
fR(r)_J'0 fRH(r,H)dH—zﬂo_ze J‘O dé
— #e‘rz/ 207 r>0  Rayleighr.v.
The marginal density function of &
oo 1 o [ _12/252
fe(e):jo ng(r,H)dr:E ) 7€ 29" g

= L 0<80<L2x Uniform r.v.

_27z
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Sum of two random variables Y= X, + X,

Determine the pdf of Y from its cdf

F (y)=Pr[Y<y]=Pr[X +X,<y]|
- j:oj—tXI fxlxz (Xl’)<2)dx2d)(1

—00

fY(y)=dFY(y):j°;{ d j” fxlxz(xl,xz)d&}dxl'

dy dy

=] fxlxz (Xp y_Xl)dXI

:_.:o fxl (Xl) fxz (y—Xl)dX1

if X,, X, are independent

Sum of two independent random variables: The pdf of the sum is a

convolution of the component pdfs.
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Example:

X,, X, are lifetimes of two light bulbs that are used sequentially.

The combined lifetime of two light bulbs 1s : 'Y= X, + X,.

The pdf of X,, i = 1, 2: fo ()= %20

fY(y): ) fxl (Xl) fxz (y_xl)dxl

—00

Substitute for the pdfs of X, and X;:
y . _ _A(y—
fy(y) =], A7 - 2e™07 dx
y
= ﬂze‘“jo dx =A’ye™”, y=0
(Yis a2-Erlang r.v.)
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Example:

Consider the sum of two random variables Y = X, + X,. The pdf
fy (X ) is uniform [0, @] and f, (x,) is uniform [0, b]; 0 <a<b.

f () =] i (%) i (y=%) 0%

Casel y<0,fy(y)=0 fxa(Xq) 1a

fyo(X) 1b

Case2 0O=sy<a
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Case3 asy<b fy1(Xp) 1a

al 1 1
Y(y) jo a b Xl b a X
fyo(X) 1b
Case4 bs<y<a+b b x,
a 1 1 1| 1
f =| ——dx =— =—1/a+b-
Y(y) J‘y_ba b 1 abxl - ab[ y]
Case5 y>a-+b fAY)
fY(y):O 1/b +
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Sumsof r.v.s

Let X, X,, ..., X, be nrandom variables. Let their sum be
Y=X+X,+--+ X,

Mean of Y

E[ X, ++X,]

2

E[X |+E[X,]+---+E[X,]

Z
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Sumsof r.v.s(cont’d)

Variance of Y (let n =2 for simplicity)

var( X, + X, ) = E[(X1 + X, _E[Xl]_E[XZ])2:|

= E_((Xl_m)+(xz_mz))2}

=E[(X,—m)’ |+E[ (X,-m)" |+2E[(X,~m)(X, -m,)]
= var ( X, )+var(X,)+2cov(X,,X,)

Generalizing, we have

=
=

Var(xl+X2+...+Xn):ZVaI'(Xi)+ COV(Xi’Xj)
P i=l j=I1
i ]
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Variancefor Uncorrelated Random Variables

Y=X+X,+--+ X,

If X; and X; are uncorrelated (i # |), the covariance is zero:
E| (X =m)(X; —=my ) [=cov(X;,X;)=0

Therefore

var (X, + X, +---+ X, ) =D var(X)
i

for uncorrelated r.v.’s

e Independent random variables are uncorrelated.
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|ID Random Variables

Independent and identically-distributed (IID) r.v.s are mutually
independent and all have the same pdf/cdf.

Consider that X, X,, ..., X are IID, and each has a mean m, and
variance o,

Then

>

E[X, +--+X,]=) E[X/]=nm,

=1

Since X; and X are independent (I # ), the covariance is zero:

E[ (X, =mye)(X; =my ) |=cov(X;, X;)=0
As a result

var (X, + X, +--+ X, )= var(X;) =D oy =noy,
=

=1
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PDF of Sum of Twor.v.s

Let Y= X,+ X, where

X, and X, are independent random variables.

The moment generating function of Y is

M, (s)=E| e |= E|:es(xi+xz):| —E[e*e™ ]

= esxl}E[eSXZ] & because X, and X, are independent

= I\/le (S)sz (S)

Therefore: fY — fx1 * fX2
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Generalization

Let X, + X,, ..

., X, be independent r.v.s

Y=X+X,+-+ X,

The moment generating function is

Since My(S) & f(y)

E

_esY:| _ E|:es(xi+xz+---+xn):|

2 ,,esxn]

&% JE[e% - E[e™ ]

X, (S)sz (S)"'Mxn (S)
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Example:

Let X, + X,, ..., X, be independent Gaussian random variables with m

and o’ . Let Y=X,+X,+ ... + X, then
=m+m +---+m and o, =0 +0,++0°
m,=m+m, m, y =0 10, n

Find f(y).

The moment generating function converges only on the | @ axis.
Therefore, let S= . The resulting characteristic function of X; is

M, ( j(()) — e‘ja’m+w20i2/2 PN in ()ﬂ ) _ e_(xi_m)z/wiz

V27 o
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Example (cont’d):

Then the characteristic functionof Yis Y=X, + X, + ... + X

M, (j@)=M, (jo)My, (j@)--My (jo)

e—ja)(m+mz+---+mn)+a)2(0'12+0'22+---+oﬁ )/2

n

By observation, we can write
(y=m—m—-—m,)”

| 2(0'12+022+---+0'r2])
fy(y)=
' \/275(0'12+0'22+--~+0'§)
(y-m,)
1 e_ 207

The sum of independent Gaussian random
variablesis Gaussan.
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A New Random Variable (Discrete)

Recall:  f, [k] = p(l_ p)k k>0 (geometric)

Waiting time to first discrete event.

New: fK [k]* fK [k]** fK [k] (M times)

AR

kK—1

j p" (1 — p)k_m (Pascal or negative
m-—1

binomial)

Waiting time to m" discrete event.
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A New Random Variable (Continuous)

Recall: f, (X) = /16_/1)(, < X<oo (exponential)

Describes waiting time to first event.

New: fy (X)”< fy (X)>">’< fy (X) (M times)

fx (%)= Eiqx_)r:),

Describes waiting time to m® event.

A6, 0<X<oo (MErlang)
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Example: (4-Erlang)

Consider 4 components. One is used while the others are spares. Lifetime
of each component is an exponential r.v. with an average lifetime of 1/4=2
months. Find the probability that 4 components last more than 1 year.

Y, = lifetime of a component

X=Y,+Y,+Y;+Y, combined lifetime of 4 components
used 1n sequence

X ﬂ, m-1 1
_[ u) /Ie‘*“du—l Z /1x) e 0<X<oo
0 ! k!

Pr[X >12]=1-Pr[X <12]=1-F(12)

12/2)"
( li') e =0.1512

Il
Mw

T
(e
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The Gamma Random Variable
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Special Cases of the Gamma RV

 Exponential. Let =1

f, (X)=4e, 0<x<oo

* mErlang. Leta=m

e Chi-Square. LetA=1/2, a=k?2

(Xj(k/z)l
fy (X) = : N

e 0< X<

Zo
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